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Abstract 

Duality between N=l supersymmetric gauge theories(Seiberg's duality) 
is geometrized, in the framework of AdS / CFT correspondences. It is shown 
that Seiberg's duality corresponds to monodromy of wrapped D5 branes on 
the homology cycles of a generalized conifold where D3 branes are located. 
The celebrated N c = Nf — N c , Nf = Nf rule is reproduced and a braid group 
structure in a sequence of dualities, is found. 



PACS; 11.25.Sq; 11.30.Pb 

Keywords; Seiberg's duality, AdS/CFT correspondence, monodromy, coni- 
fold, singularity 



1 



Recently, there has been great progress in our understanding of the be- 
havior of four dimensional supersymmetric gauge theories, in the strong cou- 
pling regime. In particular, Maldacenafl] conjectured that N=4 supersym- 
metric gauge theory (conformal field theory) in four dimensions, is dual to 
type IIB string theory on a product of five dimensional anti-de Sitter^cLSs) 
space and five dimensional sphere^ 5 ). (AdS/CFT correspondence). Sub- 
sequently, Klebanov and Witten[2] generalized AdS/CFT correspondence 
to a supersymmetric gauge theory with less supersymmetry, i. e. N=l . 
There they showed that a certain N=l supersymmetric gauge theory, which 
arises as a field theory of parallel threebranes near a conifold singularity 
of a six dimensional Calabi-Yau space Y % corresponds to type IIB string 
theory on AdS$ x X 5 , with X 5 being a five dimensional Einstein manifold, 
(SU(2) x SU(2))/U(1). (See also ref.[3]) Gubser et al.[4] and Lopez[5] gener- 
alized this correspondences to a class of more general conifolds Yq classified 
according to simply-laced Lie algebras of ADE type, which is a cone over 
X 5 obtained by blowing up an orbifold singularity of S 5 /T, with T being 
diescrete group classified according to the same type of the simply-laced Lie 
algebra. These correspondences suggest that the strong coupling behavior 
of N=l supersymmetric gauge theories in four dimensions are encoded in 
geometry of corresponding conifold singularity. There are dualities between 
N=l supersymmetric gauge theories(Seiberg's dualities) [6] where the dynam- 
ics in the strong coupling regime are responsible. Therefore, it is tempting 
to conjecture that Seiberg's duality can be geometrized to an operation on 
the conifold singularity by means of AdS/CFT correspondences. This is the 
problem which we address in this paper. We will find that Seiberg's duality 
corresponds to a geometrical operation on the conifold which is a monodromy 
of homology 2-cycles of the conifold called Picard-Lefschetz monodromy. If 
there are D5 branes wrapped on homology 2-cycles, in addition to a stack of 
D3 branes, we will have a non-trivial Seiberg's duality and obtain the cele- 
brated rule, N c — Nf — N c , Nf — Nf. Moreover, we will find a braid group 
structure in a sequence of Seiberg's dualities by virtue of this geometrization. 

Following references [4], [5], we review N=l supersymmetric field theories 
which arise from D3 branes on generalized conifold of ADE-type. Consider N 
D3 branes located at an orbifold singularity C 2 /T x C, where T is a discrete 
subgroup of SU(2) classified by simply-laced Lie algebra ADE. The effective 
field theory on D3 branes is a four- dimensional N=2 supersymmetric gauge 
theory with a product gauge group, Y\i = o SU (Nrii) , where, k is the rank 
of the Lie algebra corresponding to the discrete group T, and rii = dimri 
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with ri being the i-th representation of T. In the corresponding simply- 
laced Lie algebra, rii is identical to Dynkin label of the node of extended 
Dynkin diagram. The matters which arise are a^- copies of hypermultiplets 
in the bi-fundamental represenations, (riiN, njN) where a^- comes from the 
decomposition C 2 <g> r ; = ©jC^rj. The orbifold C 2 /T can be represented as 
an algebraic variety, by a hypersurface defined by the equation / r = in C 3 
parametrized by three complex numbers x,y and z. 



fr = x ^ + y 2 + z 2 , (forA k ) (1) 

/ r = X ^ +X y1 + Z \ (f 0rDk ) ( 2 ) 

fr = x 4 + y 3 + z 2 , (forE 6 ) (3) 
fr = x 3 y + y 3 + z 2 , (for Eh) (4) 
fr = x 5 + y 3 + z 2 . (forE 8 ) (5) 

The equation fr = is invariant under the C* action, x — > X a x, y — > X^y, z — > 



X<z where, a — 1,(3 — -^-,7 = in A k case, for instance, since fr scales 
as \ h fr, with/i = k + 1, under this action. 

An N=l supersymmetric theory is obtained if the orbifold singularity is 
resolved to become a non-compact Calabi- Yau manifold Yr with a conifold- 
like singularity. The orbifold singularity is deformed by parameters t's, which 
is then fibered on a complex plane parametrized by 0. The defining equation 
of this "generalized conifold" is then given by; 

F r (0, x, y, z) = 0Vr(^, ^;t) + z 2 = 0. (6) 

For instance, the holomorphic function F for T = A k is; 

F T ((f),x,y,z) = x k+1 + + ... + <P%x + y 2 + z 2 (7) 

= f[(x-^)+y 2 + z 2 (8) 

i=i 

Let us find the effective field theory on the branes located at this generalized 
conifold. The T-dual brane configuration pictures[7],[8],[9] are more conve- 
nient for this purpose. Let N D3 branes (world- volume in 0123 directions) be 
located at the orbifold singularity of ALE space (A k -tjpe, for simplicity)with 
coordinates 6789. Perform T-duality along 6ith direction, corresponding to 
the U(l) isometry of the ALE space. [7] Then we obtain type II A string with 
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k+1 NS 5 branes (world- volume in 012345 directions). D3 branes are trans- 
formed into D4 branes (01236). The effective field theory on the D4 branes, 
is N=2 supersymmetric gauge theory with the gauge group SU(N) k+1 . If, 
N D3 branes are located at a generalized conifold,[8],[9] instead of ALE [7], 
we obtain, k+1 NS 5 branes rotated in the complex surface spanned by, 
x = x 8 + ix 9 and = x 4 + ix 5 . In this case, scalar fields in adjoint repre- 
sentations of SU(N) k+1 become massive and supersymmetry is broken from 
N=2 to N=l. The spacing of i-th and (i+l)-th NS 5 branes in 6-th direction, 
is related to the coupling constant gi of the i-th factor SU (N)i of the product 
gauge group, by; 

x 6 (NS i+1 )-x s (NSj) = 1_ 
9s gf 

where g s is the string coupling constant. The spacing in 7-th direction, on 
the other hand, is related to the coefficient of Fayet-Iliopoulos(FI) term Q of 
the i-th gauge factor through, 

x 7 (NS t+1 )-x 7 (NS l ) = ( t . (10) 

Seiberg's duality with respect to the i-th gauge group factor of the product 
group corresponds to an interchange of i-th and (i+l)-th NS 5 branes by the 
following procedure. [8], [10], [11] The i-th and the (i+l)-th NS 5 branes come 
close together in 6-th direction until x 6 (NSi + i) — x 6 (NSi) reaches a small 
real value 5. In the field theory side, the coupling costant ^ becomes larger 
and larger until \ reaches — . Then the FI term C turns on in order to avoid 
passing through the infinite coupling constant point gi — oo. Then g,i and Q 
vary as; 

%+i& = 8e**. (11) 
ft- 

where, t runs from to 1. At t=l, FI term is turned off and the order 
of two NS5 branes are interchanged in 6-th direction, since 6-th and 7-th 
coordinates of NS5 branes change as; 

[x\NS l+l ) - x^NS,)] + i[x 7 (NS i+1 ) - x'iNSi)} = 5e mt . (12) 

Finally the separation of NS5 branes becomes larger and larger until the 
gauge coupling constant comes back to the original value. 

Now let us come back to the original picture, i.e. type II B string 
with N D3 branes at the conifold, by T-duality transformation. Then, 
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x 6 (NS i+ i) —x 6 (NSi) and x 7 (NS i+ i) — x 7 (NSi) are real and imaginary part of 
complexified kahler class [k] of homology 2-cycles of the conifold. We find that 
the procedure corresponding to Seiberg's duality; two NS5 branes come clos 
together, being interchanged, and go away, is a geometrical operation on the 
singularity of the conifold, which is called "Picard-Lefschetz monodromy" . 

Picard-Lefschetz monodromy of a singularity is defined as follows. See the 
book by Arnold et al.[12] for detail. This monodromy plays also a crucial role 
in two-dimensional conformal field theory [13]. Consider generalized conifold 
of Afc-type defined by the equation; 

F T ( ( f>,x,y,z) = (13) 

The level manifold of level A e C, is defined by the equation, F r (0, x, y, z) = 
A. The critical points of the holomorphic function F r is defined by, 

"£ = 0,^ = 0,^ = 0. (14) 
ox ay oz 

This is a k-th order algebraic equation which has k solutions; x = Xi(i = 
1, 2, k), y — 0, z — 0. The values of the holomorphic function F at critical 
points x = Xi, are called critical values \{i = 1, ...,&;). For example, for 

r = A k 

k-\-l 

A;=npQ-0). (15) 
j=i 

If the level value A starts from a non-critical value Ao, goes around one of 
the critical values A« and comes back to the the original value Ao, the level 
manifold comes back to the original one but the homology cycles (vanishing 
cycles) are reshuffled. The holomorphic function F is expanded around the 
critical values; 

F r = Xi + w\ + w\ + w\. (16) 
Then, i-th vanishing cycle A; is[12] 

A, = y/x - XiS 2 , (17) 
where, \A — Aj is the complexified kahler class and S* 2 is a unit two-sphere. 

3 

S 2 = {( Wl ,w 2 ,w 3 ) | E w l = hlrnwj = 0} (18) 
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The Picard-Lefschetz monodromy is the operation where the level value A 
goes around a critical value Aj. 

A - Aj = 5 2 e 2nit , forsmall5, t e [0, 1] . (19) 

This implies that 

\f\-\i = 5e mt (20) 
Since y/\ — Aj is the complex kahler class [k] of the i-th vanishing cycle. 

y/X-Xi=[k]. (21) 

the change of complex kahler class [k] under the Picard-Lefschetz monodromy 
is the same as that under the interchange of the i-th and (i+l)-th NS 5branes 
in the T-dual picture, which corresponds to Seiberg's duality. Thus we find 
that Seiberg's duality corresponds to Picard-Lefschetz monodromy of van- 
ishing cycles of the corresponding conifold. 

The gauge theory arising from N D3 branes at generalized conifold is 
self-dual under the Seiberg's duality transformation. This implies that the 
number of colors of the dual theory are the same as those of the original 
theory. A non-trivial Seiberg's duality where the dual gauge group is different 
from the original one is realized when D5 branes are wrapped on the vanishing 
cycles (homology cycles) of the conifold. The wrapped D5 brane[14] has D3 
brane charge which is the same as the wrapping number. Therefore, if a 
D5 brane is wrapped on th i-th vanishing cycle Aj, with wrapping number 
the effective D3 brane number is changed from N to N + Mj. Then the 
i-th gauge group factor is changed from SU(N)i to SU(N + Mj)j. Under 
the Picard-Lefschetz monodromy transformation, the vanishing cycles are 
reshuffled, and wrapping numbers of D5 branes are changed accordingly. In 
the field theory side, this implies that the numberof colors is changed under 
Seiberg's duality transformation. 

Let us consider a simple example; the generalized conifold of A 3 type. 
N D3 branes on this conifold give N=l supersymmetric gauge theory with 
the gauge group G = SU(N) x SU(N)i x SU(N) 2 x SU(N) 3 . Each gauge 
group factor corresponds to the node of extended Dynkin diagram of the Lie 
algebra A 3 . The generalized conifold of A 3 type has three vanishing cycles 
(homology 2-cycles) Ai, A 2 and A 3 , corresponding to SU(N)i, S77(iV) 2 and 
SU (N) 3 . If D5 branes wrap around A 1; A 2 and A 3 , with wrapping numbers 
Mi, M 2 and M 3 , the gauge group is, 

G = SU(N) x SU(N + M l ) l x SU(N + M 2 ) 2 x SU(N + M 3 ) 3 (22) 
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There are three Picard-Lefschetz monodromy transformations hi, h 2 and h 3 . 
The transformation rules of vanishing cycles Aj, (i = 1,2,3) under hi, (i = 
1, 2, 3) are calculated by use of Picard-Lefschetz formula[12]. 



hAa) = a + (a o AAA; 



(23) 



where intersections of two vanishing cycles Aj and Aj are represented by the 
intersection matrix S, 
A 3 . Hence, 
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Aj o Aj = — Aij where Ay is the Cartan matrix of 



Sij — 



( " 2 1 
1 -2 

V 1 



\ 
1 

-2/ 



The action of hi(i = 1, 2, 3) on Aj(j = 1, 2, 3) can be represented by the 
monodromy matrix defined by the relation; 



Then, 



hi(Aj) = (hi) jk A k 



ho 



(24) 




/ 1 



V -1 y 

Now Seiberg's duality transformation performed on i-th gauge group fac- 
tor SU(N + Mj)i corresponds to i-th Picard-Lefschetz monodromy trans- 
formation, represented by i-th monodromy matrix hi. By this matrix, the 
vanishing cycles are transformed as; 

A;. = (hi) jk A k . (25) 

Then the wrapping numbers of D5 branes are changed accordingly; 

Mj(hi) jk A k = M' k A k (26) 



MjAj 



M,A> 
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Hence; 



K = Mj{hi) jk 



(27) 



If Seiberg's duality transformation is performed on the gauge group factor 
SU(N + Mi) i, the corresponding monodromy matrix is hi. Hence, 



M[ = Mj(hi)ji = M 2 - M U M' 2 = Mj(hi) j2 = M 2 ,M^ = Mj(hi) j3 = M 3 . 



G = SU(N) x SU(N + M 2 - Mi) i x SU(N + M 2 ) 2 x SU(N + M 3 ) 3 . (29) 



Under this duality transformation, coupling constant of the gauge group 
factor with the suffix 1, becomes large, wich should then be regaded as the 
color group, therefore, the numbers of colors and flavors of the original theory 
are, N c = N + Mi and Nf = 2N + M 2l respectively, and those of the dual 
theory are N c = N + M - 2 - Mi and N f = 2N + M 2 , respectively. 

Note that the rule, iV c = Nf — iV c , Nf = Nf is satisfied in this example. 

Seiberg's dual on group factor with the suffices 2 and 3 can be taken in 
the same fashion, and the above rule is satisfied also in these cases. 

A general expression for the dual gauge theory can now be written. Let 
the N=l supersymmetric gauge theory with the gauge group G = SU (N)q x 
SU(niN + Mi)i x ... x SU{n k N + M k ) k be the field theory which arises 
from N D3 branes on the conifold given by a below up of C 2 /T x C, with T 
being a discrete subgroup corresponding to a rank k simply-laced Lie algebra, 
with Dynkin labels rii, and D5 branes wrap around i-th(i=l,...,k) homology 2- 
cycles with wrapping number Mj. The matters arise as hypermultiplets in the 
bi-fundamental representations (riiN + Mj, rijN + Mj), if i-th and j-th gauge 
group factors are "adjacent" in the the sense that the nodes are connected by 
spokes in the corresponding extended Dynkin diagram. Then the dual theory 
is determined as follows. The intersection matrix of homology 2-cycles of the 
conifold is; 



where is the Cartan matrix of the Lie algebra. Then the i-th mon- 
odromy matrix hi can be calculated by Picard-Lefschetz theorem; 



(28) 



and the dual group turns out to be; 



Sij — A, o Aj — —Aij 



(30) 



hi(a) 



a + (a o Aj)Aj 



(31) 
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Now if we perform Seiberg's duality transformation on i-th gauge group 
factor, the homology 2-cycles Aj are transformed by i-th monodromy matrix 
hi. Then the dual gauge group G is, 

G = SU(N) x SU(mN + M[) 1 x ... x SU(n k N + M' k ) k (32) 

where 

M' a = Mp(hi)/3 a ,and(hi)i3 a : (3a component of i-th monodromy matrix. 
The dual matters arise as hypermutiplets in the bi-fundamental representa- 
tions (riiN + Ml, rijN + Mj) if i-th and j-th gauge group factors are adjacent 
in the sense that the nodes are connected by spokes in the corresponding 
extended Dynkin diagram. 

The geometrization of Seiberg's duality given above provides us with a 
deep insight in properties of the duality. We find a new structure in a se- 
quence of Seiberg's dualities, i.e. the "braid group" structure. It is known 
in mathematics[12] and confirmed easily in simple examples, that the mon- 
odromy matrices hi satisfy the following relations; 

hi+\hih i+ i = hihi + \hi (33) 

hihj = hjhi (34) 

for 

\i-j\>2 (35) 

This is the algebra of "braid group" with k strands. This fact combined 
with the relation between Seiberg's duality and Picard-Lefschetz monodromy, 
shows that a sequence of Seiberg's dualities taken on the gauge group factors 
of the product group must have the same "braid group" structure. In partic- 
ular, we find from the relation of the braid algebra that successive Seiberg's 
duality transformations performed on an adjacent gauge group factors do 
not commute, whereas those on non-adjacent group factors commute. For 
example, let the gauge group of the original theory be; 

SU(N) x SU(N + Mi) i x SU(N + M 2 ) 2 x SU(N + M 3 ) 3 . (36) 

From the braid algebra, it follows that the Seiberg's duality performed on 
the group factor SU(N + M 1 ) 1 first and then on SU(N + M 2 ) 2 , and the 
Seiberg's duality performed in the reversed order, i.e. on the gauge group 
factor SU(N + M 2 ) 2 first and then on SU(N + M x ) x , give different theories. 
Because, in the former case, the resulting group is 
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SU(N) x SU(N + M[) l x SU(N + M' 2 ) 2 x SU(N + M' z ) z (37) 

with, 

M 'i = M k(hi) k j(h2)ji (38) 
whereas in the latter case, the resulting group is, 

M[ = M k (h 2 )kj(hi)ji. (39) 

The resulting groups are different in two cases since h\h 2 ^ h 2 h\ 
However, if we perform Seiberg's duality transformation three times suc- 
cesively, in the distinct two ways given below, we reach the same theory. 

1. Perform Seiberg's duality on SU(N + M 1 ) 1 first, then on SU(N + M 2 ) 2 
and finally on SU{N + M^. 

2. Perform Seiberg's duality on SU(N + M 2 ) 2 first, then on S77(7V + Mi)i 
and finally on SU (N + M 2 ) 2 . 

This fact follows from the relation, 

h\h 2 h\ = h 2 h\h 2 (40) 

In conclusion, we have geometrized dualities between N=l supersym- 
metric gauge theories in four dimensions (Seiberg's duality), by means of 
AdS/CFT correspondence. It turned out that Seiberg's duality can be in- 
terpreted as a geometrical operation on the conifold, called Picard-Lefschetz 
monodromy. The homology 2-cycles of the conifold are transformed by this 
monodromy operation. If D5 branes wrap around these 2-cycles, and have 
D3 brane charges corresponding to the wrapping numbers, the effective D3 
brane numbers are changed, by the monodromy transformation. In the field 
theory side, this implies that the number of colors changes upon Seiberg's du- 
ality transformation and it turned out that the rule N c = Nf — N c , Nf = Nf 
is satisfied. Furthermore, we obtained a general expression for the dual gauge 
group, when Seiberg's duality is taken on one of the gauge group factor of 
the product gauge group of the N=l supersymmetric gauge theory arising 
from the field theory on D3 branes on generalized conifold singularity of 
ADE type. Moreover, we found a braid group structure in a sequence of 
Seiberg's dualities taken on the gauge group factors of the product gauge 
group, by virtue of the geometrization of Seiberg's duality in the framework 
of AdS/CFT correspondences. 
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